We calculate one-loop scattering amplitudes for gravitons and two-forms in dimensions greater than four. The string based Kawai-Lewellen-Tye relationships allow gravitons and two-forms to be treated in a unified manner. We use the results to determine the ultra-violet infinities present in these amplitudes and show how these determine the renormalised one-loop action in six and eight dimensions.
Introduction
Quantum gravity [1] has proven a difficult theory to fit into the context of quantum field theory. Due to the dimensionful nature of its coupling constant,
any renormalisation of the theory must involve the introduction of new operators rather than a redefinition of the coupling constant. With increasing loop order increasingly higher dimension operators may appear and we obtain a theory described by an infinite set of operators which lacks predictive power. The only escape from such a scenario is if this process truncates after a finite number of loops and we call such a theory finite. The most natural assumption is that additional symmetries will be needed to forbid the presence of the potential counterterms. The search for a finite theory has led physicists in many diverse direction with mostly negative results. The sole spectacular candidate of a finite theory, including gravity, lies in superstring theory [2] . Although superstring theory is thought to be finite, the other issue, namely the determination of ultra-violet infinities in other theories has proved to be a very difficult problem with few concrete results. Unless a finite field theory of gravity can be constructed, gravity must be regarded as a low-energy effective theory of a more fundamental theory such as string theory. In this case the low-energy effective action will play the role of the counterterm action and by studying this we may hope to learn of the symmetries and properties of the fundamental theory.
In general, in D-dimensions, at L loops counterterms such as
appear where n + 2m = (D − 2)L + 2 and we have suppressed the indices on the Riemann tensor R abcd . We use forms of dimensional regularisation to evaluate the ultra-violet structure of a theory.
(And thus only obtaining divergences in even dimensions.) There are two aspects to determining the counterterms. Firstly one can determine the possible counterterms consistent with the symmetries and secondly one must determine their coefficient by specific calculations.
At one-loop for D = 4, pure Einstein gravity is actually finite [3, 4] , although matter coupled to gravity is not [5, 6] . Although matter coupled to gravity is ultra-violet divergent, the divergences do not appear in one-loop amplitudes with only external gravitons. Beyond one-loop it has been shown that pure gravity has a two-loop infinity, as first calculated by Goroff and Sagnotti [7] and later Van De Ven [8] . Matter in general does not improve renormalisability, however, special combinations can lead to cancellation of infinities. The best understood example of this are theories with supersymmetry which have much better ultra-violet properties. For example, N = 4 super-Yang-Mills is a finite theory [9] in D = 4 and supergravity theories are two-loop finite [10] in D = 4.
In this paper we calculate divergences appearing in amplitudes in dimensions higher than four at one-loop and examine the effect of matter upon the infinities which appear and examine whether there exist simplifying combinations of matter. We calculate amplitudes with mixtures of gravitons and antisymmetric two-forms and we determine the divergences appearing in physical on-shell amplitudes for which many specialised calculational techniques exist. String theory via the relations first written down by Kawai, Lewellen and Tye [11] for tree amplitudes and later further developed for loop amplitudes [12] also allows, in some cases, the relatively easy computation of amplitudes involving gravity from amplitudes which involve gauge particles. (Alternative approaches involve the calculation of off-shell functions typically with a smaller number of legs.) We restrict ourselves to four-point amplitudes thus effectively only being sensitive to counterterms up to ∂ n R 4 . We present particular helicity amplitudes which exhibit divergences in all (even) dimensions greater than four, thus indicating one-loop counterterms are always necessary (in even dimensions). We also use the divergences to evaluate the form of the counterterms in D = 6 and D = 8. The D = 6 one-loop result has been previously calculated as a precursor to calculating the two-loop D = 4 infinity since both of these have the same R 3 structure. In D = 8 we have evaluated the exact counterterm structure for comparison to that found in supersymmetric theories. For matter coupled gravity, the amplitudes with only external gravitons do not completely determine the counterterms which depend exclusively on the Riemann tensor and so we also evaluate amplitudes which are mixtures of gravitons and antisymmetric two-forms to enable us to fix the counterterms containing the Ricci tensor.
Organisation of the Amplitudes

Basic Theory
We consider the calculation of amplitudes with gravity minimally coupled to a variety of matter. For example the coupling to a complex scalar and a two-form is given by
where
and B ab is the two-form field which is antisymmetric. The field strength, F abc , is invariant under
We investigate the computation of scattering amplitudes in this theory focusing upon four-point on-shell one-loop amplitudes. In a gauge or gravitational theory smaller point amplitudes vanish on-shell and so the four-point amplitudes are the first non-trivial amplitudes. However, as we shall see they contain a great deal of information regarding the quantum theory.
We calculate amplitudes for dimensions D > 4 however, we can simplify the four-point case by using the four momenta to define a four dimensional hyper-plane in D dimensions. With respect to this hyper-plane many of the well developed four dimensional organisational [13, 14] techniques can be applied to these calculations. One of the most useful techniques is that of spinor helicity which, unfortunately, does not easily generalise to D > 4. However, with respect to the four dimensional hyper-plane it can still prove a useful technique which we now describe.
D > 4 Spinor Helicity
In four dimensional gauge theory calculations, it is extremely useful to organise amplitudes according to the helicity of the external gluon or quark (or even scalar).
Furthermore one can use spinor helicity techniques [15, 13] where the polarisation vector of a gluon is realised as combinations of four dimensional Weyl spinors |k ± ,
where k is the gluon momentum and q is an arbitrary null 'reference momentum' which drops out of the final gauge-invariant amplitudes. The plus and minus labels on the polarization vectors refer to the gluon helicities and we use the notation ij ≡ k
These spinor products are anti-symmetric and satisfy i j [j i] = 2k i · k j ≡ s ij . For four-point amplitudes we use the usual Mandelstam variables s = s 12 , t = s 14 and u = s 13 .
Although spinor helicity is a four dimensional concept it can be used in higher dimensions. First consider the polarisation tensors for a D-dimensional vector particle. When considering four-point amplitudes, momentum conservation implies the first four dimensions can be defined so that the momenta of the scattered particles lie exclusively in this four dimensional hyper-plane. Defining
where x µ denotes the coordinates of the four dimensional hyper-plane and x I are the remaining (D − 4). The coordinates are chosen so k
for the four external momenta, k i . Using this frame we can choose the helicity vectors ǫ a to be of two types: ǫ ± a and ǫ I a [16] ǫ
which provide (D − 2) independent polarisation vectors. These satisfy
We use the above polarisations vectors in D dimensions to construct the graviton polarisation tensors, which are required to be symmetric, transverse and traceless.
For the four dimensional case there are only two graviton helicities whose polarisation tensors can be constructed from direct products of polarisations vectors [17, 18] ,
In D > 4 the additional polarisation tensors may also be constructed from the polarisation vectors We can also use spinor helicity techniques for the polarisation tensors of the antisymmetric two-form. In this case the polarisation tensors for the two-form, B ab , must be transverse and antisymmetric. These can also be constructed from the polarisation vectors
Kawai-Lewellen-Tye Relationships
The Kawai-Lewellen-Tye (KLT) [11] 
where K is a "kinematic factor" and a closed string amplitude may be written
where the K l and K r are individually the kinematic factors for a open string theory. This heuristic argument suggests a relationship, however the suggested relationship is weaker than that contained in the KLT relations. (The proof is far from trivial.) For four and five-point amplitudes the KLTrelationship is The M n 's are the amplitudes in a gravity theory and the A n 's are the color-ordered partial amplitudes in a gauge theory. The full gauge theory amplitude is obtained by multiplying the A n by color-traces [13, 19, 20 ]
where S n /Z n is the set of all permutations, but with cyclic rotations removed, and g is the gauge theory coupling constant. The T α i are fundamental representation matrices for the Yang-Mills gauge group SU (N c ), normalized so that Tr(T α T β ) = δ αβ . For states coupling with the strength of gravity, the full amplitude including the gravitational coupling constant is,
Consider the case where the massless open string states are vector bosons described by polarisation vectors ǫ i . Then the open string amplitudes will be
Using the KLT relationship with two such tree amplitudes, A tree 4 (ǫ 1 , ǫ 2 , ǫ 3 , ǫ 4 ) and A tree 4 (ǭ 1 ,ǭ 2 ,ǭ 3 ,ǭ 4 ), we form the combination
which we will refer to as a primitive amplitude. This primitive amplitude corresponds to the scattering of massless states described by polarisation tensors ǫ ab i = ǫ a iǭ b i , which in general will not be irreducible states but will be a combination of the polarisation tensors of a graviton, a two-form and a scalar
Consequently the scattering amplitudes of irreducible states such as the graviton will be a linear combination of these primitive amplitudes.
We can also use the KLT for states without polarisation tensors, i.e. scalars. Specifically we can calculate the amplitude for two scalars and two gravitons where the graviton polarisation tensors are ǫ
where (for simplicity) ǫ i ·ǭ i = 0, from the primitive amplitudes involving two scalars and two nontrivial polarisations 
Cutkosky Cutting Technique
The optical theorem leads to the Cutkosky cutting rules [22] in field theory and it is possible to use these rules to determine amplitudes provided one evaluates the cuts to "all orders in ǫ" [23, 20, 16, 24] . (This is within the context of dimensional regularisation where amplitudes are evaluated in D = 2N − 2ǫ.) These all-ǫ results allow a complete reconstruction of the amplitude for a range of dimensions.
The cuts of a loop amplitude can be expressed in terms of amplitudes containing fewer loops. For example, the two-particle cut of a one-loop four-point amplitude in the s-channel, as shown in figure 4 .1, can be expressed as a product of tree amplitudes
(1, 2, 3, 4)
where the dLIP S denotes integrating over the exchange momenta L i subject to on-shell constraints and where L 3 = L 1 − k 1 − k 2 and the sum runs over all states crossing the cut. The right-hand-side can be rewritten as the cut of a covariant integral
We label D-dimensional momenta with capital letters and four-dimensional components with lower case letters. We apply the on-shell conditions, L 2 1 = L 2 3 = 0, to the amplitudes appearing in the cut even though the loop momentum is unrestricted; only functions with a cut in the given channel under consideration are determined in this way. By evaluating expressions with the correct cut in all channels the full amplitude is determined. When evaluating graviton amplitudes in this way, the the KLT expressions may be used to replace the graviton tree amplitudes appearing in the cuts with products of gauge theory amplitudes. As an example, consider the specific case of a four graviton amplitude where all four external (outgoing) states have the polarisation tensor ǫ ++ ab . Consider the one-loop amplitude where a complex scalar circulates in the loop. This amplitude has non-zero cuts in all three channels however, if we evaluate the s-channel the others may be obtained by symmetry.
The tree amplitudes we need are for two gravitons and two scalars, and these may be determined using the KLT relationships from gauge theory partial tree amplitudes with two external complex scalar legs and two gluons. This partial amplitude is
where we split the momenta into their four dimensional components and (
Since the external momenta are purely four dimensional,
The overall factor of µ 2 appearing in these tree amplitudes indicates that they vanish in the fourdimensional limit, in accord with a supersymmetry Ward identity [25] . Calculating the gravity amplitude,
where we have used the fact that s
Thus we have
(4.5) In this expression there is an overall factor which does not depend upon the loop momentum, this multiplies an expression which is the product of four propagators with a factor of (µ 2 ) 4 in the numerator. The four terms corresponds to the four different orderings of the legs 1234 which have a s-cut. This means
s−cut (4.6) where
and where the terms have doubled up since
]. This expression, by construction has the correct s-cut. The t and u channel cuts, in this case, can be obtained by relabeling and a combined expression can be formed by noting which leads us to an expression which has the correct cuts, to all orders in ǫ,
This form of the amplitude is valid for all dimensions D ≥ 4. In even dimensions, for example D = 6, 8, 10, 12, the shifted box integral is ultra-violet infinite,
12s 4 + 3s 3 t + 2s 2 t 2 + 3st 3 + 12t 4 831600
(60s 6 + 10s 5 t + 4s 4 t 2 + 3s 3 t 3 + 4s 2 t 4 + 10st 5 + 60t 6 ) 108972864000
which produce infinities in the amplitude 
4612608
(
This amplitude is finite in D = 4 but in all even dimension D > 4 it has non-vanishing ultra-violet infinities indication that the subtraction of ultra-violet infinities will require the introduction of counterterms in all even dimension larger than four thus precluding any possibility of a "magic" dimension where all infinities cancel.
Cutting techniques can also be used to provide exact expressions for the amplitudes involving two-forms. In Appendix B we demonstrate the computations leading to the expressions, 
String Based Rules
The Bern-Kosower rules for evaluating QCD amplitudes [26] arose from the low-energy limit of string theory amplitudes. In conventional field theory they have been shown to be related to mixed gauge choices [27] and also to the "World-line formalism" [28] . The derivation of these rules and details of their validity and application will not be repeated here since several reviews are available [29, 20] .
Since String theory exists most naturally in D = 10 or D = 26, the rules may be trivially adapted to D ≤ 10, although the World-line formalism would suggest they are valid for all dimensions D.
The initial step in the rules is to draw all labeled φ 3 diagrams, excluding tadpoles. The contribution from each labeled n-point φ 3 -like diagram with n ℓ legs attached to the loop is
where the ordering of the loop parameter integrals corresponds to the ordering of the n ℓ lines attached to the loop, x ij ≡ x i − x j . The x im are related to ordinary Feynman parameters by x im = m j=1 a j . This expression corresponds to the expression one obtains in a Feynman diagram calculation after evaluating the vertex algebra and carrying out the loop momentum integral. The string based rules are algebraic rules for determining K red -the "reduced kinematic expression", diagram by diagram from an overall kinematic expression i as before. Although the above expression contains much information in string theory, when one takes the infinite string tension limit [26, 20] it should merely be regarded as a function which contains all the information necessary to generate K red for all graphs. The utility of the string based method partially lies in this compact representation (which is valid for arbitrary numbers of legs). The existence of an overall function which reduces to the Feynman parameter polynomial for each diagram is one of the most useful features of the string based rules.
As an example of the string based technique we can look at the four-point amplitude
) with a complex scalar circulating in the loop. This choice of helicity simplifies the kinematic expression considerably and we can deduce that the amplitude is given by (This was first calculated using the string-based technique of Bern and Kosower [26, 27] applied to quantum gravity calculations [30, 31] )
(4.16) where
These yield a finite result in D = 4, however in higher dimensions they give rise to ultra-violet infinities
Again we see the presence of ultra-violet infinities in higher dimensional one-loop amplitudes however, in this case they vanish for D = 8 and D = 10 indicating that the counterterms must have a form which does not contribute to this amplitude. In fact, as we see later, all of the possible counterterms which are consistent with the symmetries of gravity in D = 8 have vanishing contributions for this particular helicity configuration.
Including the two examples we have just calculated, there are sixty-nine independent, nonvanishing helicity configurations for four external gravitons in D > 4 dimensions. (Amplitudes not listed are either zero to all orders or obtainable from the list by relabeling or complex conjugation.) The tree amplitudes of these are listed in Appendix A. The string based rules may be used to calculate the loop amplitude for any of these. The ultra-violet infinities in D = 6, 8, 10 for the first thirty-one of these amplitudes is given in Appendix C. This subset of the amplitudes provides more than sufficient information to determine the counterterms necessary to cancel the infinities in four graviton amplitudes. In the following sections we shall detail this process for D = 6, 8.
The string based rules can be applied to determine the contributions to amplitudes for particle types other than that of scalars circulating in the loop. This corresponds to applying different algebraic rules in determining K red . This will allow us to determine infinities in the amplitudes and hence the counterterms induced by other particle types.
Counterterms
In this section we enumerate the possible independent counterterms in six and eight dimensions and show how the results of the one-loop amplitude calculations determine the various coefficients.
Symmetries
In general, graviton scattering amplitudes, in D dimensions at L loops, are rendered ultra-violet finite by the introduction of counterterms of the form
where n + 2m = (D − 2)L + 2 and we have suppressed the indices on R. R may stand either for the Riemann tensor, R abcd , the Ricci tensor R ab ≡ g cd R acbd or the curvature scalar R ≡ g ab R ab . Although, there are a large number of tensor structures which may appear, fortunately, the symmetries of the Riemann tensor reduce these considerably. Firstly, there are the basic symmetries of
and the cyclic symmetry,
Secondly, we have the Bianchi identity for ∇ e R abcd ,
There are also "derivative symmetries" which involve two covariant derivatives,
These symmetries will be used to determine the minimal set of inequivalent counterterms.
Graviton and Two-Form Scattering in D = 6
By power counting the possible counterterms in D = 6 are of the form R 3 or ∇ 2 R 2 . The independent terms involving R abcd , R ab and R are [32, 33] ,
(For D = 4 only ten of this set are independent.) For the case of pure gravity, the counterterm structure can be represented as a single counterterm with a numerical coefficient. This numerical coefficient has been calculated previously [34] . We review the argument leading to the conclusion that a single counterterm is sufficient. When matter is coupled to gravity this conclusion no longer follows.
For pure gravity the equation of motion is
Hence terms involving the Ricci tensor or curvature scalar
will not contribute to the S-matrix and such terms can be discarded when calculating the counterterms. If calculating an off-shell object, such counterterms can, and do, appear. Ignoring such terms leaves us with three tensors -T 3 , T 11 and T 12 . The term T 3
can be rearranged using the identity in eq. (5.5) into terms involving the Ricci tensor plus cubic terms in the Riemann tensor. Thus for pure gravity this term is equivalent to a combination of T 11 and T 12 and can thus be eliminated from the list of inequivalent counterterms.
In six dimensions the scalar topological density can be written is topological for some coefficients a i . Hence for pure gravity amplitudes we can replace T 12 for T 11 (or vice versa). Thus we are led to the fact that the counterterm can be taken as a single tensor with a coefficient. This argument also applies to the two-loop case of pure gravity in D = 4 [7] . In both this calculation and that of D = 6 pure gravity the counterterm was chosen to be
For our case we are considering gravity amplitudes with scalar loops. For gravity coupled to matter the field equation is
so counterterms involving the Ricci tensor can no longer trivially be dropped. However we shall always be able to make the replacement
without changing the S-matrix. The right-hand-side involves at least two matter fields and thus does not contribute to pure graviton amplitudes, but may contribute to amplitudes involving two gravitons and two matter fields. Thus we may still neglect counterterms involving the Ricci tensor provided we are restricting attention to external gravitons. (This is similar to the situation in D = 4.) Thus we are led to the same conclusion as for pure gravity in that the infinities can be renormalised by a single counterterm.
Knowing the counterterm is unique we can fix c from a single amplitude -providing the amplitude is non-zero for that term. Either of the amplitudes we presented earlier,
), would be sufficient to determine the coefficient. Thus from either of these amplitudes we can confirm the non-vanishing of the counterterm and extract the coefficient (The value we obtain matches that of all the amplitudes we calculate in Appendix C.)
This counterterm will make amplitudes with a complex scalar loop and external gravitons finite. As we shall see later the pure gravity case will simply be 9/2 times this. Multiplying this by a factor of 9/2 does indeed give the previously calculated result.
When considering amplitudes other than pure graviton scattering the single counterterm above will not be sufficient to cancel the infinities. To fully determine all the coefficients it would be necessary to compute six-point amplitudes involving, for example, six B ab or scalar fields since terms such as T 5 can be replaced by tensors involving six matter fields. Alternatively one could say these terms are unnecessary to cancel the infinities in four-point amplitudes. However, some of the counterterms involving the Ricci tensor will need to be introduced to cancel infinities in fourpoint amplitudes where some of the external states are matter states. For example, if we consider amplitudes with two external two-forms and two external gravitons (still with a scalar loop) . This is computationally fairly straightforward since within string theory, the graviton and antisymmetric two-form are very closely tied together. Using string based rules this means that the amplitudes involving two-forms are very closely related to the amplitudes involving gravitons -the amplitude is formed from the same primitive amplitudes but with different signs. From a more traditional field theory view it would also be relatively easy. The antisymmetric tensor does not couple to the scalar field directly so the Feynman graphs are of the form,
As we can see from this diagram, this is equivalent to probing the off-shell graviton three-point function. In six dimensions if we trace the equations of motion eq. (5.13)
the two-form is eliminated. Hence a counterterm involving the curvature scalar R can be replaced by a counterterm quadratic in the scalar field and such counterterms will not contribute to amplitudes with external two-forms. The counterterms which will give non-vanishing contributions to amplitudes with two gravitons and two 2-forms are T 3 , T 8 , T 11 and T 12 . This set of four tensors are not independent and we can use the previous argument for eliminating T 3 and T 12 from the minimal set of tensors leaving the two counterterms T 8 and T 11 . The coefficient of T 11 is fixed by the amplitudes with four external gravitons. The counterterm
is equivalent, for these amplitudes, to the tensor
The infinities in a sufficiently large set of two graviton and two 2-form amplitudes are given in the Appendix D. Both T 8 and T 11 contribute to these amplitudes and the following combination of these counterterms is needed to cancel both these infinities and those of the four graviton amplitudes We can further probe the counterterm action by calculating amplitudes with four external twoforms. Only the tensors
will contribute to the scattering of four matter states. Due to the fact that in D = 6 the equation of motion for R does not depend upon the two-form, only T 2 contributes to that of four two-form states. Replacing R ab using the equation of motion, T 2 is equivalent to
In Appendix D the infinities for a set of four 2-forms amplitudes are presented. (The tensors T 8 and T 11 do not contribute to these amplitudes.) Canceling these divergences fixes the coefficient of
Thus we can conclude that the counterterms necessary to make amplitudes with external gravitons or two-forms finite is
This is the counterterm generated by a complex scalar loop. In the following section we examine the effects of having more complicated particle types circulating in the loop.
Counterterms Generated by More General Matter in D = 6
We have considered the counterterms generated by a single complex scalar. The results for more general matter combinations are very closely related to the complex scalar case. If we have minimally coupled matter the resultant counterterm is
where N B is the number of bosonic degrees of freedom and N F is the number of fermionic degrees of freedom.
Our argument leading to this simple result is actually rather complicated and uses the string based rules for graviton scattering. These algebraic rules are for generating Feynman parameter integrals as discussed in section 4.2. The rules can generate the contributions for different matter combinations.
These rules are based upon string theory amplitudes in D = 10. In D = 10 language there are three underlying types of contributions which we label [S], [V ] and [F ]. In terms of particle content these correspond to the contributions from the 1, 8 v and 8 s/c representations of SO (8) . For a closed string, which has left and right moving quanta, we have the option of different SO (8) representations for left and right. So the rules for gravity generate contributions corresponding to the product of these representations. In terms of particle content in D = 10, this corresponds to where A SD abcd is a self-dual four-form field and φ is a real scalar field. In D = 10 "knowing" the contributions from the above combinations of matter does not actually allow us to determine the contribution due to a single particle type -the five contributions [S; S],[V ; S], [V ; V ], [F ; F ] and [F ;F ] cannot be disentangled to determine the contributions from the six individual particles -φ, g ab , A a , A ab , A abc and A SD abcd . However, in D < 10 the five basic combinations may be sufficient to determine the contributions from all the particle types. For example, in D = 4 the antisymmetric tensors will all reduce to combinations of three basic particles -φ, A a and g ab and in this case there is enough information to (over)determine the three basic particle types.
In D = 6 it transpires there is just enough information to determine the contributions from the five basic bosonic particle types. The string contributions, for the bosonic terms, will be
In this expression the combinations [F ; F ] and [F ;F ] correspond to identical sets of fields in D = 6. This is because the two type II supergravities are dual when compactified to D < 10 [35] . This then leaves us with four independent pieces of information. This system is solvable because the three-form A abc is dual to a vector A a in D = 6 which means we have only four independent field types -φ, A a , A ab and g ab . The fermionic terms easily allow us to determine the contribution from the spinor λ and gravitino ψ a .
This tells us that if we can determine the string based contributions we can solve to obtain the individual particle types. The solution to this system of equations is that the infinities in the one-loop amplitude from a set of particles, P , is given by
This relationship then obviously extends to the counterterm Lagrangian.
In four dimensions a similar string based argument holds, however, a more elegant supersymmetry argument can be used to achieve equivalent results. In four dimensions the helicity amplitude with all-plus helicities can be shown to vanish in any supersymmetric theory
This applies to all supersymmetries N ≥ 1. Since N = 1 multiplets are actually rather simple this relationship easily allows one to deduce for all particle types
This relationship is true of entire amplitudes and not merely the infinities.
Graviton Scattering in D = 8
For D = 8 the possible counterterms are of the form ∇ 4 R 2 , ∇ 2 R 3 and R 4 . As we shall see, for external graviton amplitudes the set of inequivalent counterterms can be constructed entirely using the R 4 counterterms.
First, recall that in purely graviton amplitudes terms involving the Ricci tenser and curvature scalar do not contribute leaving us with terms involving the Riemann tensor only. Consider the terms quadratic in the Riemann tensor. There are various possibilities for the indices of these tensors but we can organise these into three types depending on how many contractions the Riemann tensors have with each other. Representatives of the three types are,
We have chosen the representatives such that there are no contractions between the derivatives and the tensor they act upon. For such terms we can use the Bianchi identity
to equate this to Ricci tensors which we discard. The order of derivatives can also be changed -but at the expense of ∇ 2 R 3 terms eq. (5.5). Thus the generic terms are equivalent to the representative terms given. We now show that these can be eliminated from the list of counterterms in favour of ∇ 2 R 3 and R 4 terms. Using the antisymmetry of the ef indices the first term can be rewritten
For terms of second and third type we can commute ∇ (at the cost of creating ∇ 2 R 3 terms) and integrate by parts to bring the contracted derivatives together. Acting on a Riemann tensor, equation (5.5) shows that such terms are equivalent to ∇ 2 R 3 .
Turning to the ∇ 2 R 3 terms, there are four tensors involving the Riemann tensor. The normal form of these is [33] ,
In manipulating these terms, commuting derivatives will produce terms involving the Ricci or R 4 so this can be done at will. Taking the S 1 first, integrating by parts yields
so that
which is equivalent to R 4 terms. The second term
(5.39) which is equivalent to R 4 . For S 3 we expand the first Riemann tensor using its cyclic symmetry
By relabeling this is equal to
Taking the middle term out and noting that it multiplies a term which is antisymmetric under exchange of ab
Integrating by parts
Taking the first term and integrating by parts with respect to the second g
The leading term is merely a relabeling of the original so that
and so
Since the ∇ 2 R abcd leads to a combination of R 2 tensors and derivatives acting upon Ricci tensors then the term S 3 , for external graviton states, is equivalent to R 4 tensors.
For the last tensor,
hence we can drop S 4 also. Thus we are led to the conclusion that, for pure graviton amplitudes, infinities can be removed by the introduction of purely R 4 counterterms.
From [33] the general R 4 counterterm is
Additionally the combination
vanishes on-shell due to it being proportional to the Euler form
The R 4 tensors are an interesting set. In D = 4 they degenerate into two independent tensors. One of these, the famous "Bel-Robinson" tensor [36] was shown to be consistent with supersymmetry and thus became a candidate counterterm for supergravity theories [37] . In higher dimensions the Bel-Robinson tensor extends to a two-parameter set [38] . For maximal supergravity theories the uniqueness of the R 4 tensor extends to higher dimensions and is often written
where t 8 may be found in ref [2] eq. (9.A.18). In D = 8, in N = 2 supergravity theory the four-point amplitudes are exactly proportional to this tensor [39, 40] and this tensor appears in the low-energy effective action of string theory [41] . For N = 1 supergravity there is an further combination consistent with supersymmetry which appears if we calculate the N = 1 supergravity counterterms [42] . It is interesting to calculate the counterterms for simple gravity as a probe for the symmetries of the gravitational theory.
Calculation with a general counterterm gives, for example,
Clearly in this case it is not sufficient to look at amplitudes where the external polarisations are four dimensional. However, just from the
) we can clearly see that the counterterm does not vanish -although we can only impose a single relationship between the coefficients of the six counterterms.
In Appendix C we calculate the infinities present in a sufficiently large class to determine the coefficients of the T i and the D = 8 counterterm for a real scalar loop is
The coefficient a 4 has been set to zero by choice but a 5 = 0 is non-trivial.
We have also calculated the R 4 counterterms generated by other types of matter circulating within the loop. Unlike the D = 6 case, the counterterms from different matter combinations are not simply related. We present the coefficients of the R 4 counterterms necessary to eliminate all divergence in four external graviton amplitudes in table 5.1. We have included the counterterms where supersymmetric multiplets circulate for comparison. (These have been presented previously in ref [42] .) In D = 8 the spinor has eight degrees of freedom and both N = 1 and N = 2 supergravity exist where the N = 2 is the reduction of D = 10, N = 2 supergravity [43, 44] . For N = 1 there is the graviton multiple and the matter multiplet. We have chosen to present the combination of the two multiplets corresponding to the reduction of D = 10, N = 1 supergravity (denoted N = 1 * ). This prior to reduction has particle content, in representations of SO(8), 8 c ⊗ (8 v ⊕ 8 s ) . We have chosen to give the combined contribution of a graviton and antisymmetric tensor in the loop because this combination arise most naturally in superstring inspired theories. (And in fact it is difficult to separate the two contributions in string theory.) In general one can rearrange the counterterms by addition of the Gauss term and we have used this freedom to set a 4 = 0. For the N = 2 case the counterterm can be simplified to
The form of the counterterms, [12] indicate that for maximal supergravity the three-loop amplitude in D = 4 is finite. This conclusion has been supported by some field theoretical evidence [45] . We can examine the D = 8, L = 1 counterterms to see if any understanding of the D = 4, L = 3 result can be obtained. The D = 8 counterterms are written in terms of the six independent T i with non-zero coefficients.
The combination compatible with maximal supersymmetry appears to be unique [12, 38] . If we were to write this complete tensor in D = 4 it is conceivable that it could vanish in which case the vanishing of the infinity of the counterterm would be a residual effect of reduction -analogous to the arguments of ref [45] . However the D = 8 combination reduces to a non-vanishing tensor -as evidence by the fact that the amplitude M counter (1 −− g , 2 −− g , 3 ++ g , 4 ++ g ) receives non-zero contributions from this tensor so that the vanishing in the D = 4, L = 3 infinity remains a puzzle from this viewpoint.
Conclusions
In this paper we have used an extension of four dimensional helicity to organise the scattering amplitudes for theories involving gravity. This allows scattering amplitudes to be split into minimal physical pieces which are generally simplier than the full amplitude. For many purposes, such as determining the coefficients of counterterms, we need only the results for a few helicity amplitudes. The individual helicity amplitudes are physical and can be useful for testing hypothesis and so we have included in our appendices rather more calculations than we needed so that they may serve as a database for others.
We have used the infinities in the physical four-point amplitudes to determine the counterterm structure in D = 6, 8. In the D = 6 case the counterterm was proportional to N B − N F and hence vanishes in a theory with equal numbers of bosonic and fermionic degrees of freedom such as a supersymmetric theory. In contrast, the situation in D = 8 is quite different. The counterterms induced by different particles are different and although the N = 2 supersymmetric combinations are relatively simple they do not vanish.
Our investigations give no indications that a finite field theory of gravity is possible. However our calculations should provide indicators of the form of the low-energy effective action of the fundamental theory of which gravity is merely the low-energy limit.
Appendix A: Graviton Tree Amplitudes
In this appendix we present all the partial tree amplitudes for four graviton scattering for dimension D ≥ 4 in table A.1. The partial amplitudes are given by
where the K i are products of spinor helicity factors. When evaluating the tree amplitude only the modulus of K i is relevant, however, the complex phases are needed when trees are interfered with loops. The full form of the K i is given in table A.2 and these will also be used for the loop calculations. For dimensions less than eight not all the tree amplitudes exist, for example in D = 4 only M 1 , M 2 and M 3 exist. The minimal dimension that an amplitude exists in we call D M and this is also given in table A.1.
In general amplitudes are polynomials in ǫ · k and ǫ · ǫ ′ . In choosing the spinor helicity factors we generally evaluate these from the highest order terms in ǫ · k. For four-point amplitudes, if we choose the spinor helicity reference momentum, q i , of an external states to be the external momentum of another external state, this highest term has a unique form. For example, for
) we could choose the spinor helicity for the ǫ
and the leading term can be reduced to having a factor of ǫ
we choose the four reference momenta (q 1 , q 2 , q 3 , q 4 ) = (k 4 , k 1 , k 1 , k 1 ) will have a factor of
This is the K-factor for M 2 which can be reduced to spinor products as given in table A.2. For amplitudes such as
, where ǫ 4 · k i = 0 for all external momenta k i , the highest order term ( after chooses, for example, (q 1 , q 2 ) = (k 2 , k 1 ) ) will be
which is the K-factor. The K factors are dependent on the choice of reference momenta although the combination K i × F i is not. 
tree,P (s; I, J; I, J; s) − M tree,P (s; J, I; I, J; s)
− M tree,P (s; I, J; J, I; s) + M tree,P (s; J, I; J, I; s)
Appendix C: Infinities in One-Loop Four Graviton Amplitudes Here we present sufficient one-loop two graviton two 2-form amplitudes and four 2-form amplitudes to determine the counterterms described in the main text.
The tables give both the tree amplitudes, which are of the form 
